Using Nonlocal Coherence to Quantify Quantum Correlation 
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We reexamine quantum correlation from the fundamental perspective of its consanguineous quantum prop- 
erty, the coherence. We emphasize the importance of specifying the tensor product structure of the total state 
space before discussing quantum correlation. A measure of quantum correlation for arbitrary dimension bipar- 
tite states using nonlocal coherence is proposed, and it can be easily generalized to the multipartite case. The 
quantification of non-entangled component within quantum correlation is investigated for certain states. 
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The correlation between generic quantum systems is di- 
vided into two kinds: classical and quantum. The former can 
be prepared with the local operations and classical communi- 
cation (LOCC) while the latter cannot. It is a crucial and basic 
problem to characterize and quantify these two kinds of corre- 
lations in quantum information theory. To address this issue, 
entanglement OJJ] is in widespread use as one aspect of quan- 
tum correlation, and abundant criterions and measures yfl cen- 
tering around the entanglement vs separability paradigm sce- 
nario H have been invested. However, entanglement only 
quantifies part of quantum correlation (see Fig.Q]) since there 
exist separable states also showing nonclassicality, for exam- 
ple the already demonstrated "quantum nonlocality without 
entanglement" fi HIch . Therefore, other measures of quantum 
correlations are expedited subsequently to ascertain the "di- 
viding line" (red curve in Fig.Q]) between classical and quan- 
tum correlations more exactly from various perspectives, e.g. 
the quantum extensions of the classical mutual information 
limil2tl . the connections between thermodynamics and infor- 
mation foil , the work to erase the correlation uM, and the dis- 
turbance induced by generic measurements II 1 511 . These stud- 
ies concern mainly bipartite correlations, and it is desirable to 
distinguish bipartite and multipartite correlations among mul- 
tipartite systems. One may think investigating quantum corre- 
lations from another fundamental view will lead to a measure 
not only to find the "dividing line" for bipartite systems, but 
also easy to be generalized to only quantify genuine multipar- 
tite quantum correlation for multipartite systems. 

On the other hand, most of previous works are focused 
on dichotomizing the total correlation without concerning the 
components within the quantum correlation. Hence an in- 
teresting question arises as to how to characterize and quan- 
tify the rest of quantum correlation excluding entanglement, 
namely how to ascertain the "dividing line" (green curve in 
Fig. Q]) between entanglement and non-entangled quantum 
correlation. A simple subtraction is infeasible due to the quan- 
titatively and qualitatively difference between the notions of 
quantum correlation and entanglement, for instance the in- 
comparability between quantum discord and the entanglement 
of formation flrjll . Recently, Modi et al. lfl7ll redefine the 
measures of quantum and classical correlations under a uni- 
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FIG. 1 . (Color online) Schematic diagram for the components of cor- 
relation. The red curve corresponds to the boundary between classi- 
cal and quantum correlations, while the green curve to the boundary 
between entanglement and non-entangled quantum correlation. 



fied frame based on the geometric measure of nearest dis- 
tance between the given state and the state without the de- 
sired property, and propose quantum dissonance to quantify 
the rest of nonclassical correlation. But it appears ambigu- 
ous that whether dissonance can ascertain the "dividing line" 
clearly. In this paper, we firstly reexamine the quantum cor- 
relation from the perspective of its consanguineous quantum 
property, the quantum coherence, then propose a measure to 
quantify quantum correlation for arbitrary dimension bipartite 
states using nonlocal coherence. For certain states the non- 
entangled quantum correlation is investigated considering the 
qualitatively similar measure of entanglement. 

Quantum correlation and coherence both arise from quan- 
tum superposition. Consider a quantum compound system in 
a coherent superposition state, if there exists coherence with 
respect to the basis of a certain product Hilbert space, the non- 
local coherence may induce the nonclassical correlation (in a 
narrow sense, entanglement) between the corresponding sub- 
systems, besides the local coherence of each corresponding 
subsystem lfl8ll . In this case, quantum correlation is a kind 
of nonlocal coherence. Note that usually when we talk about 
quantum correlation and coherence, a standard structure of the 
Hilbert space of the given compound system has been deter- 
mined beforehand. However Zanardi et al. [19] demonstrated 
that whether a state is entangled depends on the tensor product 
structure (TPS) of the state space. Therefore before proposing 
our measure, we recall their points with explicit examples and 
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emphasize that in a general sense, the specification of TPS of 
the total Hilbert space is necessary not only for entanglement, 
but also for other quantum correlations. 

For entangled states, taking the state |</>) 12 = a\ |00) 12 + 
«2 |1 l)i2 an d W34 = b\ 100)34 + i>2 |1 1)34 for example, there is 
no entanglement between the subsystems with Hilbert spaces 
H\2 and i/34, but there exists entanglement between the sub- 
systems with Hilbert spaces and H24, 

I#)l234 = I0)l2® 10)34 

= ai h |00) 13 100)24 +01^101)0 101)24 

+ fl2 &i|10> 13 110) 24 + a 2 b 2 \U) 13 111) 24 . (1) 

Besides the entanglement, whether other quantum correla- 
tions exists also depends on the specification of TPS of the 
state space, even with the absence of entanglement. Consider 
the Werner state |H, p = a |*F _ ) + (1 - a)I/4, where 
|<p-) = (|0)i 1 1) 2 - |l)i |0) 2 )/ V2 is the maximally entangled 
state and < a < 1. It is well known that the concurrence 
J2lll for the Werner state is given as C(p) = max{0, (3a- 1)/2}, 
and the quantum discord as Dip) = (1/4)[(1 - a) log;i(l -a) + 
(1 + 3a)log 2 (l + 3d) - 2(1 + a)log 2 (l + a)] JH \Z^. For 
< a < 1/3 the entanglement is vanishing while the quan- 
tum discord is still positive. The acquiescent TPS of the state 
space is H — Hi ® H2, and Bell states {1^) , \<S> ± )} is a group 
of orthogonal basis of space H. If one redefine the original 
basis as IT*) = |¥>] ® |±) 2 and |0 ± > = ® |±> 2 JH, thus 
the TPS is mapped as 

F' : H = Hi ® H 2 — > Hi ® H 2 , (2) 

where Hi = {| V F) 1 , \<b)i) and H 2 = {|+) 2 , |-> 2 }. With the new 
TPS the Werner state is rewritten as 

p = a?¥) 1 \-) 2 m l (~\ 2 +^I, (3) 

where I is the identity operator with the basis 
{|^)il+)2,l v I')il-)2J<l>)il+)2J<l>) 1 |-)2}, then p is now a 
classical state and discord is vanishing even for < a < 1/3. 

Now we specify the TPS of the total Hilbert space for ar- 
bitrary dimension bipartite quantum states. Let set {\k)i \k = 
1, 2, ■ ■ • , di] and {\k) 2 \k = 1,2, • • ■ , 02} be the group basis of 
(i-dimension Hilbert spaces and // (2) , respectively. Then 
the TPS of the total Hilbert space is C - H (l) ® H a \ For pure 
states, any state |</>) can be written with the product basis as 
10) = Em 2 °kik 2 \h)i ® \h) 2 , where c klkl is a complex number. 
We perform proper local unitary operation Ui and U2 on state 
|</>), if we obtain Ui ® U2 10) = Pk ® |^} > men we can 
say state \<p) has been Schmidt decomposed. If any \P k \ + 1, 
state |0) is an entangled state, namely there exists quantum 
correlation between subsystems with Hilbert spaces and 
// (2) of the specified TPS C. Note that under the above product 
unitary operations the local coherence within individual sub- 
system has been eliminated while the quantum correlation is 
invariant. 

Since quantum correlation is a kind of nonlocal coherence, 
it should be invariable under any local unitary operation, and a 
proper measure of nonlocal coherence is supposed to measure 
quantum correlation as well. Mathematically, the off-diagonal 



elements of the density matrix is often employed to measure 
the overall coherence of the system, including the local co- 
herence within individual subsystems. This lead to a direct 
conjecture that after eliminating the local coherence by local 
unitary operations, the transformed off-diagonal elements of 
the density matrix should only characterize the total nonlo- 
cal coherence, namely all the quantum correlation. For pure 
states the task is convenient to be done by Schmidt decompo- 
sition mentioned above, for bipartite mixed states the task is 
to reduce the local coherence to zero by local unitary opera- 
tions. Then the quantum correlation can be measured as the 
following way. 

A measure of bipartite quantum correlation for a system 
with TPS C, we call it consonance (£, is defined as 

<E(p) := inf J J] y iUm (1 - 5*0(1 - 6 jn )\ , (4) 

\ijmn j 

where p c = (U\ <S> U2)p(Ui <8> Uzfi denotes the state p un- 
derwent any local unitary operation to attain the vanishing of 
local coherence 

Z Z KJ = °- 

Here i, m and j, n label the orders of basis with Hilbert spaces 
H m and Z/ (2) , respectively. In subsequent paragraphs we 
study the relation between consonance, quantum discord, and 
entanglement for various initial states. 

1. Bell-like states. For pure states, to seek for the infimum 
in Eq. (0, it is equivalent to perform the Schmidt decompo- 
sition on the initial state. As the first example, we take Bell 
states l*^) and I®*). It easily can be seen that for this partic- 
ular case the consonance and any other measure of quantum 
correlation coincide, which means, (£(p) = Dip) = C(p) = 1 . 
Then we consider the Bell-like states \<f>) = a |1 1) 12 + b |00) 12 
and|^) =a|10) 12 + fc|01) 12 (\a\ 2 + \b\ 2 = 1), which are already 
in the Schmidt decomposed form and have a simple analytical 
expression of consonance. The consonance is just equal to the 
concurrence, that is, £ (p) = C(p) — 2\ab\ , while the discord 
is equal to the entanglement of formation (EoF) I2lll23ll . 

Dip) =£(p) 

= 1 - (1/2) [(l + Vl -4|a/?| 2 )log 2 (l + Vl -4|a/?| 2 ) 

+ (l - Vl - 4\ab\ 2 ) log 2 (l - Vl - 4|a/?| 2 )] . (6) 

We note that the consonance is larger than quantum discord 
except for the trivial cases (separable or maximally entan- 
gled). Besides, the monotonicity of consonance is essentially 
the same as that of quantum discord. 

2. General 2 ® 2 pure states. In fact for any 2 ® 2 
pure states, the consonance is equal to the concurrence. Af- 
ter Schmidt decomposing on the general pure state \tp) = 
all)! |1) 2 + b\\)i |0> 2 + c|_0), |1) 2 +d\Q) l |0> 2 , one can obtain 
\<p) = V^7|00^ i9 + V^2 |ll) 12 , where Ai and A2 are the eigen- 
values of either reduced density matrix. Thus by the definition 
in Eq. ©, the consonance is (£(p) = 2 V^7^2- Through simple 
calculation the eigenvalues are obtained as Ai = (1/2)[1 + 
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FIG. 2. (Color online) Graphs of consonance £(p) (solid, blue), 
quantum discord Dip) (dashed, red), concurrence Cip) (dotted- 
dashed, green), and entanglement of formation &{p) (dotted, purple) 
versus a for the Werner state p = a y¥~) + (1 - a)I/A. 



Vl - 4(ad - be) 2 ] and A 2 = (1/2)[1 - y/l - 4(ad - be) 2 ]. 
Therefore (£(p) = 2\ad- bc\, which is just equal to the concur- 
rence JH. 

3. The Werner state. It is convenient to study the bipartite 
mixed states with X type density matrix l25ll . for which the lo- 
cal coherence within individual subsystem is naturally vanish- 
ing thus local unitary operations are not required to obtain the 
infimum in Eq. ©. Let us consider the Werner state. Besides 
the expressions of concurrence and discord mentioned above, 
we have the consonance (£(p) = a, and EoF written in terms of 
concurrence Sip) = - fjp) log 2 f jp) - [ 1 - f(p)] log 2 [l -f(p)], 
where f(p) = [1 + Vl - C(p) 2 ]/2 J2H. The graphs of £(p), 
Dip), C(p), and £(p) versus a e [0, 1] are depicted in Fig. ©. 
In contrast to the different orders of quantum discord, concur- 
rence, and EoF as functions of a iflq, l22tl . the consonance is 
always larger than the other three correlations except for the 
trivial cases, and the consonance and quantum discord still 
have the same monotonicity. 

The above examples show the quantitatively and qualita- 
tively similarity between the consonance and concurrence, 
and indicate the rest of quantum correlation excluding entan- 
glement can be quantified by subtracting concurrence from 
consonance, which is plotted in Fig. (01 in comparison with 
the quantum dissonance <3(p) [17]. The two measures at- 
tain maximum simultaneously, but the dissonance is invari- 
able for any entangled Werner state (broadly for any entan- 
gled Bell-diagonal state), resulting from the fixedness of the 
closest separable state <x and classical state Xp- Meanwhile 
the consonance minus concurrence decreases subsequently 
and vanishes for the maximum entangled state. The diverse 
behaviors do not imply contradictory but reflect the qualita- 
tively discrepancy between these two notions of correlation, 
that is, the consonance minus concurrence quantify the non- 
entangled component within quantum correlation of a given 
state, while the dissonance quantify the nonclassical correla- 
tion with the absence of entanglement. 

4. The two-parameter class of states with 2 ® 3 Hilbert 
space. Finally we consider the states describing a qubit-qutrit 
quantum system with the TPS C = H m ® H^ 2 \ where H m is 
2-dimension and // (2) is 3-dimension, respectively. The class 
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FIG. 3. (Color online) Graphs of consonance minus concurrence 
E(p) - C(p) (solid, blue) and quantum dissonance Q(p) (dashed, red) 
versus a for the Werner state. 



of states with two real parameters a and y takes the form as 
M 

p =a (|02> <02| + 1 12) (12|) + f3 (|(D + ) <(D + | 

+ |0>-> ((D"| + OF+I) + y \¥~) <¥"| , (7) 

where parameter j3 depends on a and y by the unit trace 
condition 2a + 3/3 + y = 1, and the ranges of parameters 
are < a < 1/2 and < y < 1. For these states the 
local coherence is also vanishing. We adopt the negativity 
to measure the entanglement of p, which is given as 112711 
Nip) — max {0, 2a + 2y — 1 }. The quantum discord of p, re- 
cently derived by Ali |2ql . is given by 

Dip) = 13 log 2 (2/?) + y log 2 (2 r ) -ifi + y) log 2 iJ3 + y), (8) 

and we can simply obtain the consonance as (£(p) = \/3 - y\. 
We note that with y = 0, the negativity is vanishing, while 
the consonance and quantum discord coincide, that is, (£(p) = 
Dip) = (1 - 2a) /3. With (3 — 0, all three quantum correla- 
tions coincide, that is, (£(p) = Dip) = Nip) = 1 - 2a. With 
a,/3,y > 0, the consonance, quantum discord, and negativity 
versus y are displayed in Fig. © for a specific value of the 
parameter j3 = 0.07. For this particular initial state, the dom- 
inance relation among correlations still exists, being similar 
with the case for Werner state. The monotonicity of conso- 
nance and quantum discord are still the same. For /3 = y, p 
becomes diagonal and indicate a classical state without any 
quantum correlation, thus the consonance, quantum discord, 
and negativity all vanishes. 

For multipartite systems, we do not want to go into too 
much detail here but give the generalized form of the con- 
sonance for arbitrary dimension multipartite quantum states. 
The TPS of the total Hilbert space is C = ®" i=l H (i \ where H® 
is the i-th ^/-dimension Hilbert space with the basis {|&) ; \k = 
1, 2, • • ■ , dj}. Thus the consonance for n-partite system takes 
the form 



[iiir-injijvjn k 



(9) 



where p c = UpU' denotes the state p underwent any unitary 
operation (excluding global unitary operation) to attain the in- 
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FIG. 4. (Color online) Graphs of consonance (£(p) (solid, blue), 
quantum discord Dip) (dashed, red), and negativity Nip) (dotted- 
dashed, green) versus y for the class of states in Eq. l[7}, with the 
parameter chosen as y3 = 0.07. The graphs show that for ji = y, all 
correlations are equal to zero. 



fimum of local coherence 

Up) := inf Yj \pU-i,,hh-jJ "': ' ' ' h'~ hW) 

\kk-h>hh-k ) 

Here the function / excludes the diagonal elements and ele- 
ments with completely different corresponding subscripts and 
it takes the form 



/ (h ■ ■ ■ in, ji ■ ■ ■ jn) = 



id 



This generalized form for tripartite system can easily distin- 
guish GHZ state and W state H, that is, £(|GHZ> (GHZ|) = 
and &(\W) (W\) = 1, as well as the 3-tangle t can ol. 

We have reexamined quantum correlation from the view 
of its consanguineous quantum property, the coherence, and 



quantify quantum correlation by nonlocal coherence. The im- 
portance of specifying the TPS of the total state space is em- 
phasized. We have demonstrated there are clear dominance 
relations between the consonance and other measures of quan- 
tum correlation, and the consonance presents the same mono- 
tonicity as that of quantum discord. The qualitatively simi- 
larity between consonance and concurrence implies a mean- 
ingful way to quantify the rest of quantum correlation exclud- 
ing entanglement. Our perspective has rather fundamental and 
general meaning, thus the measure can be easily generalized 
to the multipartite case. We hope our methods will quantify 
genuine multipartite quantum correlation felicitously. 

Furthermore, in specific physical systems, it is not an easy 
task to find the direct relation between some mechanical quan- 
tity and quantum correlation, e.g. quantum discord. Since 
our measure relates the quantum correlation and coherence 
closely, it not only provides theory evidence to experimentally 
measure the entanglement by some quantity e.g. the visibility 
of the interference 112.811 and anti-diagonal density matrix ele- 
ments from polarization tomography measurements lr29ll . but 
also suggests the possibility to construct measurement scheme 
for quantum correlation in a direct way. Namely to measure 
quantum correlation, one need not the full knowledge of the 
system, but only to find some measurable quantity reflect- 
ing the nonlocal coherence between subsystems. Meanwhile, 
our measure gives a limitation for this application of corre- 
lation measurement, which means the local coherence should 
be vanishing, otherwise the results will not faithfully reflect 
the nonlocal coherence. For states with the presence of local 
coherence, the reprocessing of measurement results to obtain 
the infimum may be still required. 
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